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1. INTRODUCTION
Let some natural number h2 be fixed.
For a # N0 , b # N put
sh(a, b) := :
a+b
j=a+1
jh.
Given n # N put
eh(n) :=*[(a, b) # N0 _N | sh(a, b)=n].
In the present paper we shall estimate the counting functions
Th(x) :=*[n # N | nx, eh(n)>0]
Ph(x) :=*[ p # P | px, eh( p)>0].
(P is the set of primes; the letter p will by common usage always denote
a prime).
We shall show that
x2(h+1)(log x)&h&log 2&=<<Th(x)<<x2(h+1) (1)
Ph(x)<<x1h(log x)&1. (2)
The 0-constants depend on h, = only.
In proving (1) we introduce
Vh(x) := :
nx
eh(n) and Wh(x) := :
nx
eh(n)2.
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Then
Vh(x)2 Wh(x)&1Th(x)Vh(x).
Therefore (1) follows from
x2(h+1)<<Vh(x)<<x2(h+1) (3)
Wh(x)<<x2(h+1)(log x)h+log 2+=. (4)
We have been motivated by a paper of S. Platiel and J. Rung ([3]). It
deals with the special case h=2 (natural numbers as sums of consecutive
squares). They show
T2(x)(c& g(x)) x23 (x2)
where c<1.84 is a positive constant and g(x) is an explicitly given polyno-
mial in x&16 of degree 6. More about their work will be said in Section 4.
2. PREPARATIONS
One has
1
h+1
b(a+b)hsh(a, b)b(a+b)h. (5)
The upper part is trivial.
We prove the lower part:
sh(a, b) :
a+b
j=a+1
|
j
j&1
th dt=|
a+b
a
th dt
=
1
h+1
((a+b)h+1&ah+1)
=
b
h+1
:
h
i=0
(a+b) i ah&i

b
h+1
(a+b)h.
Let Bj denote the j&th Bernoullian number. Put
Fh(X, Y ) :=
1
h+1
:
h
m=0 \
h+1
m+1+\ :
m
j=0 \
m+1
j + Bj Ym& j+ Xh&m # Q[X, Y ].
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Then one has
sh(a, b)=bFh(a+1, b).
To show this we start from the well known formula
_h(n) := :
n
j=1
jh=
1
h+1
:
h+1
l=1 \
h+1
h+1&l+ Bh+1&l (n+1) l
and then we procede
sh(a, b)=_h(a+b)&_h(a)
=
1
h+1
:
h+1
l=1 \
h+1
h+1&l+ Bh+1&l (((a+1)+b) l&(a+1) l)
=
b
h+1
:
h+1
l=1 \
h+1
h+1&l+ Bh+1&l :
l
m=1 \
l
m+ (a+1) l&m bm&1
= } } } .
Let Nh denote the least common denominator of the rational numbers
1
h+1 \
h+1
m+1+\
m+ j
j + Bj (0 jmh).
Then
F h(X, Y ) :=NhFh(X, Y ) # Z[X, Y ]
and we now have the formula
sh(a, b)=
b
Nh
F h(a+1, b). (6)
Let b # N be fixed. Then
F h(X, b) # Z[X ] has degree h and leading coefficient Nh . (7)
Let y :=Nhx and z :=(h+1) x. Then
bF h(a, b) y (a, b # N) O bz1(h+1) and a2 \zb+
1h
. (8)
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Proof. By (6), (5) we have
Nh x= ybF h(a, b)=Nhsh(a&1, b)Nh
b
h+1
((a&1)+b)h
which implies (a&1)+b(zb)1h.
One has
:
tT
t | mn
1\ :
tT
t | m
1+\ :
tT
t | n
1+{(m) :
tT
t | n
1. (9)
Proof.
:
tT
t | mn
1= :
sT
s | m
:
(t, m)=s
t | mn
t<T
1= :
sT
s | m
:
(r, (ms))=1
r | (ms) n
rTs
1 :
sT
s | m
:
rT
r | n
1.
Proposition 1 ([2, Chapter III, 27]). Let F(X ) # Z[X ] of degree h1
be given.
Assume that the coefficients of F(X ) are coprime (F(X ) is ‘‘primitive’’)
and the discriminant D of F(X ) is {0.
Let p; & D and let \( p:), : # N, denote the number of solutions of the con-
gruence F(!)#0 (mod p:). Then
\( p:)hpmin[2;, :&1].
Proposition 2. Let F(X ) # Z[X ] be irreducible. Let \( p) denote the
number of solutions of the congruence F(!)#0 (mod p). Then
:
px
\( p)
p
=log log x+0F (1).
Let f: N  R+ be multiplicative.
Assume there are constants c1 , c2>0 such that f ( p:)c1:c2 for all p and
all : # N.
Then there is some constant K=K(F; c1 , c2)>0 such that
:
F(n){0
nx
f ( |F(n)| )Kx exp \ :px
\( p)
p
( f ( p)&1)+
for all x1.
This is a special case of [4] Satz 1; compare also [4], Section 4.
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Lemma. Let F(X ) # Z[X ] have degree 1. Then there is some constant
K=K(F )>0 such that
*[n # N0 | n y and |F(n)| prime]Ky(log y)&1 for all y2.
Proof. Denote by \( p) the number of solutions of the congruence
F(!)#0 (mod p).
If there is some p such that \( p)= p or if F(X ) is reducible then the set
[n # N0 : |F(n)| prime] is finite and the statement becomes trivial.
Otherwise it follows from [1], Theorem 5.4.
Proposition 3. Let F(X ) # Z[X ] have degree 1 and let t # N be
given.
Then there is some constant K=K(F; t)>0 such that
*{n # N0 | n y, F(n)#0 (mod t), |F(n)|t prime=Ky(log y)&1 for all y2.
Proof. Let 0a1< } } } <ak<t be all solutions # [0, t[ of the con-
gruence F(!)#0 (mod t). Then we have
*[ } } } ] :
k
j=1
Sj ( y)
where
Sj ( y) :=*{n # N0 | n y, n#aj (mod t), |F(n)|t prime=
*{m # N0 | m y, |F(aj+mt)|t prime= .
Let l :=degree of F(X ). Then
F(aj+mt)
t
=
F(aj)
t
+ :
l
i=1
F (i)(aj)
i !
ti&1mi.
Therefore
Sj ( y)*[m # N0 | m y and |Fj (m; t)| prime]
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where
Fj (X; t) :=
F(aj)
t
+ :
l
i=1
F (i)(aj)
i!
ti&1Xi # Z[X ].
So we may apply the lemma.
3. THE PROOFS OF (3), (4), (2)
Proof of (3). One has
Vh(x)= :
sh(a, b)x
a # N0 , b # N
1.
From (5) we see ( y :=(h+1) x).
Vh(x) :
a+b( yb)1h
a # N0 , b # N
1 :
a, b( yb)1h
a # N0 , b # N
1<< :
b y1(h+1) \
y
b+
1h
<<y2(h+1).
From (5) we see
Vh(x) :
a+b(xb)1h
a # N0 , b # N
1 :
a, b12(xb)1h
a # N0 , b # N
1>> :
b(12) x1(h+1) \
x
b+
1h
>>x2(h+1).
Proof of (4). One has
Wh(x)= :
sh(k, d )=sh(l, t)x
k, l # N0
d, t # N
1
which by (6) is
= :
dF h(k, d )=tF h(l, t)Nhx=: y
k, l, d, t # N
1= :
dF h(k, d ) y
k, d # N
:
tF h(l, t)=dF h(k, d )
l, t # N
1.
By (8), (7), (9) the inner sum is (w :=z1(h+1))
= :
tw
t | dF h(k, d )
:
F h(l, t)=(dF h(k, d ))t
l # N
1h{(d ) :
tw
t | F h(k, d )
1.
92 RICHARD WARLIMONT
File: DISTIL 219407 . By:DS . Date:05:01:98 . Time:08:30 LOP8M. V8.B. Page 01:01
Codes: 2663 Signs: 903 . Length: 45 pic 0 pts, 190 mm
Therefore
Wh(x)h :
dF h(k, d ) y
k, d # N
{(d ) :
tw
t | F k(k, d )
1. (10)
Let D h(Y ) # Z[Y ] denote the discriminant of F h(X, Y ) # (Z[Y ])[X ].
For d # N fixed let $h(d ) denote the greatest common divisor of the coef-
ficients of the polynomial F h(X, d ) # Z[X ].
From (7) we see $h(d) | Nh .
We introduce the polynomial
F h(X; d ) :=$h(d)&1 F h(X, d) # Z[X ]
which is primitive.
Let D h(d ) denote the discriminant of F h(X; d ). Then
D h(d)=$h(d )2h&2 D h(d ). (11)
Now the inner sum in (10) is equal to
:
tw
t | $h(d ) F h(k; d )
1 which by (9) is {(Nh) :
tw
t | F h(k; d )
1.
Therefore
Wh(x)h{(Nh) :
dF h(k, d ) y
k, d # N
{(d ) :
tw
t | F h(k; d )
1=h{(Nh)(W$h(x)+W"h(x))
where
W$h(x) := :
D h(d )=0
} } }
{(d ) :
} } }
1 and W"h(x) := :
D h(d ){0
} } }
{(d ) :
} } }
1.
From (8) we see that
W$h(x)\ :
D h(d )=0
d # N
{(d )+ 2z1h maxn y {(n)<<x2(h+1).
From (8), (11) we see that
W"h(x) :
D h(d){0
dw
k2(zd )1h
{(d ) :
tw
t | F h(k; d )
1= :
D h(d ){0
dw
{(d ) :
tw
:
F h(k; d )#0 (mod t)
k2(zd)1h
1.
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Let \^h(t; d ) denote the number of solutions of the congruence F h(!; d )#
0 (mod t).
Then the inner sum is
\^h(t; d ) \2 \zd+
1h
t&1+1+
which is
3\^h(t; d ) \zd+
1h
t&1
since
\zd+
1h
t&1(zw&1)1h w&1=1.
Therefore
W"h(x)3z1h :
D h(d ){0
dw
{(d ) d &1h :
tx
\^h(t; d ) t&1.
The inner sum is
 ‘
px \1+ :

:=1
\^h( p:; d ) p&:+=: Ph(x; d ).
Let =p(m), m # N, be given by p=p(m) & m.
With Proposition 1 we get
1+ :

:=1
\^h( p:; d ) p&:1+h \2=p( |D h(d )| ) p&1+ 1p&1+
(1+2h=p( |D h(d )| ) p&1) \1+ 1p&1+
h
.
Define the multiplicative function fh : N  R by fh( p:) :=1+2h:p&1.
Then we obtain
Ph(x; d)<<fh( |D h(d )| )(log x)h
which is
 fh( |D h(d )| )(log x)h
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since by (11) one has D h(d ) | D h(d ) and fh has the property m | n O fh(m)
fh(n).
Thus we arrive that
W"h(x)<<z1h(log x)h Sh(x) (12)
where
Sh(x) := :
D h(d ){0
dw
{(d ) fh( |D h(d)| ) d &1h.
Summation by parts yields
Sh(x)Sh*(w) w&1h+|
w
1
S*(t) t&1(h&1) dt (13)
where
Sh*(t) := :
D h(d ){0
dt
{(d) fh( |D h(d )| ).
Let D h(Y )=>kj=1 Dh, j (Y ) be the canonical decomposition of D h(Y ).
Then
Sh*(t) :
D h(d ){0
dt
{(d ) ‘
k
j=1
fh( |Dh, j (d)| )
since fh has the property fh(m1 } } } mk) fh(m1) } } } fh(mk).
Let qj>1 (0 jk) be such that
1
q0
+ :
k
j=1
1
qj
=1.
By Ho lder’s inequality we get
Sh*(t)S0(t)1q0 ‘
k
j=1
Sh, j (t)1qj
where
S0(t) := :
dt
{(d )q0
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and
Sh, j (t) := :
Dh , j (d ){0
dt
fh( |Dh, j (d )| )qj.
By Proposition 2 we obtain
S0(t)<<t(log t)2
q0&1
and
Sh, j (t)<<t exp \ :pt
\h, j ( p)
p
( fh( p)qj&1)+
where \h, j ( p) denotes the number of solutions of the congruence
Dh, j (!)#0 (mod p). Because of
fh( p)qj&1=\1+2hp +
qj
&1<<
1
p
we have Sh, j (t)<<t. Therefore
Sh*(t)<<t(log t)(2
q0&1)q0)=t(log t)log 2+=
since q0 may be chosen arbitrarily close to 1. We insert into (13):
Sh(x)<<w1&1h(log x)log 2+=.
We insert into (12):
W"h(x)<<x2(h+1)(log x)h+log 2+=.
Proof of (2).
Ph(x) :
px
eh( p)= :
px
:
sh(a, b)= p
a # N0 , b # N
1.
Let sh(a, b)= p.
On the one hand b2(a+b)hsh(a, b)= p which yields b- p. On the
other hand by (6) we have b | Nh p. Both imply b | Nh . Therefore
Ph(x) :
b | Nh
:
sh(a, b) primex
a # N0
1.
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one has (a+1)hsh(a, b)x O a+1x1h. From this and (6) we see that
the inner sum is
*{a # N | ax1h, F h(a, b)#0 \mod Nhb + ,
F h(a, b)
Nhb
prime=
which by Proposition 3 is
K(h, b) x1h (log x)&1.
4. CONCLUDING REMARKS
From (6) we see
eh(n)= :
b | Nhn
:
F h(a, b)=(Nhn)b
1.
The inner sum is h. Therefore eh(n)h{(Nh) {(n).
In particular eh( p)2h{(Nh).
We also infer
Eh(x) :=max
nx
eh(n)<<x=.
From this and (3) we get
Th(x)Vh(x) Eh(x)&1>>x2(h+1)&=.
There is still a wide gap between the two bounds for Th(x) given in (1).
Open Problems
1. What is the true order of magnitude of Th(x)? Does limx  
Th(x) x&2(h+1) existand if it does: is it >0?
2. Is Eh(x) bounded or not?
In [3] the special case h=2 has been investigated.
The authors have proved that the set [0] _ [n # N | e2(n)>0] forms a
basis of order 3 of N0 (Satz 3) and that e2( p)=0 or 1 (Satz 2).
One has
F2(X, Y )=
1
6
(6X2+6(Y&1) X+(2Y&1)(Y&1)).
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J. Rung has shown (written communication) that e2(n) is also equal to the
number of rational points (x, y) on the elliptic curve
En : Y2=X3+3X2&3m (m :=36n)
where x, y are >0 and the side conditions
m
x
# N,
1
6 \
y
x
&3
m
x
&3+ # N0
are satisfied.
J. Rung has pursued the matter further. His approach could be promis-
ing in consideration of what is known about rational points on elliptic
curves.
The authors of [3] have found only 8 cases of n<107 with e2(n)=3 and
until now no n with e2(n)>3 has been detected.
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